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POINTWISE ESTIMATE FOR THE BERGMAN KERNEL OF
THE WEIGHTED BERGMAN SPACES WITH EXPONENTIAL
TYPE WEIGHTS
SAI¨D ASSERDA AND AMAL HICHAME
Abstract. Let AL2φ(D) denote the closed subspace of L
2(D, e−2φdλ) consist-
ing of holomorphic functions in the unit disc D. For certain class of subhar-
monic funcions φ : D→ D, we prove upper pointwise estimate for the Bergman
kernel for AL2φ(D).
1. Introduction and statement of main result
Let D be the unit disc in C and dλ be its Lebesgue measure. For a measurable
function φ : D→ D, let L2φ(D) be the Hilbert space of measurable function f on
D such that
‖f‖L2
φ
:=
(∫
D
|f |2e−2φdλ
) 1
2
<∞
Let AL2φ(D) be the closed subspace of L
2
φ(D) consisting of analytic functions. Let
P be the orthogonal projection of L2φ(D) onto AL
2
φ(D) :
Pf(z) :=
∫
D
K(z, w)f(w)e−2φ(w)dλ
where K is the reproducing kernel of P .
The purpose of this note is to give an upper pointwise estimate of K for some
class of subharmonic functions φ on D introduced by Oleinik [10] and Oleinik-
Perel’man [11].
Definition 1.1. For φ ∈ C2(D) and ∆φ > 0 put τ = (∆φ)−1/2 where ∆ is the
Laplace operator. We call φ ∈ OP(D) if the following conditions holds.
(1) ∃ C1 > 0 such that |τ(z)− τ(w)| ≤ C1|z − w| ,
(2) ∃ C2 > 0 such that τ(z) ≤ C2(1− |z|),
(3) ∃ 0 < C3 < 1 and a > 0 such that τ(w) ≤ τ(z)+C3|z−w| for w /∈ D(z, aτ(z))
where D(z, aτ(z)) = {w ∈ D , |w − z| ≤ aτ(z)}.
Some examples of functions in OP(D) are as follows :
(i) φ1(z) = −A2 log(1− |z|2), A > 0.
(ii) φ2(z) =
1
2
(−A log(1− |z|2) +B(1− |z|2)−α), A ≥ 0, B > 0, α > 0.
(iii) φ1 + h and φ2 + h where φ1 and φ2 are as in (i) and (ii) respectively and
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h ∈ C2(D) can be any harmonic function on D.
For z, w ∈ D, the distance dφ induced by the metric τ(z)−2dz ⊗ dz¯ is given by
dφ(z, w) = inf
γ
∫ 1
0
|γ ′(t)|
τ(γ(t))
dt
where γ runs over the piecewise C1 curves γ : [0, 1] → D with γ(0) = z and
γ(1) = w. Thanks to condition (2) the metric space (D, dφ) is complete and
dφ  dh where dh is the hyperbolic distance.
Our main result is the following theorem on the off-diagonal decay of the Bergman
kernel.
Theorem 1.2. Let φ ∈ OP(D) and K be the Bergman kernel for AL2φ(D). There
exist positive constants C and σ such that for any z, w ∈ D
|K(z, w)|e−(φ(z)+φ(w)) ≤ C 1
τ(z)τ(w)
exp(−σdφ(z, w))
In [4] and [9] M.Christ and J.Marzo-J.Ortega-Cerda` obtained a pointwise es-
timates for the Bergman kernel of the weighted Fock space F2φ(C) under the
hypothesis that ∆φ is a doubling measure. This result was extended to several
variables by H.Delin and H.Lindholm in [5] and [7] under similar hypothesis.
In [12], A.P.Schuster and D.Varolin obtained a pointwise estimate for the Bergman
Kernel of the weighted Bergman space AL2(D, e−2φ(1− |z|2)−2dλ) under the hy-
pothesis that ∆φ is comparable to hyperbolic metric of D :
|K(z, w)|e−(φ(z)+φ(w)) ≤ C exp(−σdh(z, w))
For φ ∈ OP(D) and under the strong condition : ∀ m ≥ 1, ∃ bm > 0 and
0 < tm <
1
m
such that
τ(w) ≤ τ(z) + tm|z − w| if |z − w| > bmτ(z),
H.Arroussi and J.Pau [1] give the following pointwise estimate : for each k ≥ 1
there exists Ck > 0 such that
|K(z, w)|e−(φ(z)+φ(w)) ≤ Ck[dτ (z, w)]
−k
τ(z)τ(w)
where dτ (w) =
|z−w|
min[τ(z),τ(w)]
. A better estimate will be
|K(z, w)|e−(φ(z)+φ(w)) ≤ C
τ(z)τ(w)
e−σdτ (z,w).
2. Proof of theorem 1.2
Near the diagonal, by [8,lemma 3.6 ] there exists α > 0 sufficiently small such
that
|K(z, w)| ∼
√
K(z, z)
√
K(w,w) ∼ e
φ(z)+φ(w)
τ(z)τ(w)
if |z − w| ≤ αmin[τ(z), τ(w)]
Off the diagonal, let |z−w| > αmin[τ(z), τ(w)] and β > 0 such thatD(z, βτ(z))∩
D(w, βτ(w)) = ∅. We may suppose that τ(z) ≤ τ(w). Fix a smooth function
χ ∈ C∞0 (D) such that
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- suppχ ⊂ D(w, βτ(w)),
- 0 ≤ χ ≤ 1, χ = 1 in D(w, β
2
τ(w)) and
- |∂¯χ|2  χτ(w)−2.
Since φ ∈ OP(D), by [10,lemma 1 and 2] the following mean inequality holds
(∗) |K(w, z))|2e−2φ(w)  1
τ(w)2
∫
D(w,β
2
τ(w))
χ(ζ)|K(ζ, z))|2e−2φ(ζ)dλ(ζ)
 1
τ(w)2
‖K(., z)‖2L2(χe−2φdλ)
Hence
‖K(., z)‖L2(χe−φ) = sup
f
| < f,K(., z) >L2(χe−2φdλ) |
where f is holomorphic inD(w, βτ(w)) with ‖f‖L2(χe−2φdλ) = 1. Since Pφ(fχ)(z) =<
f,K(., z) >L2(χe−2φdλ) and that uf = fχ − Pφ(fχ) is the minimal solution in
L2(D, e−2φdλ) of ∂¯u = f∂¯χ, and from the fact χ(z) = 0, we have
| < f,K(., z) >L2(χe−2φdλ) | = |Pφ(fχ)(z)| = |uf(z)|
SinceD(z, βτ(z))∩D(w, βτ(w)) = ∅, the function uf is holomorphic inD(z, ντ(z))
for some ν > 0. By the mean value inequality
|uf(z)|2e−2φ(z)  1
τ(z)2
∫
D(z,ντ(z))
|uf(ζ)|2e−2φ(ζ)dλ
 1
τ(z)2
∫
D(z,ντ(z))
e−ǫ
|ζ−z|
ντ(z) |uf(ζ)|2e−2φ(ζ)dλ
Since the linear curve γ(t) = (1− t)z + tζ lies in D(z, ντ(z)) and τ(γ(t)) ∼ τ(z),
we have dφ(ζ, z) ≤ C |ζ−z|τ(z) for ζ ∈ D(z, ντ(z)). Hence
|uf(z)|2e−2φ(z)  1
τ(z)2
∫
D(z,ντ(z))
e−Cǫdφ(ζ,z)|uf(ζ)|2e−2φ(ζ)dλ
 1
τ(z)2
∫
D
e−Cǫdφ(ζ,z)|uf(ζ)|2e−2φ(ζ)dλ
The function ζ → dφ(ζ, z) is smooth on D \ Cut(z) ∪ {z} where Cut(z) is the
cut locus : the set of all cut points of z along all geodesics that start from z.
To get a smooth Lipschitz approximation of dφ, we recall the following result of
Greene-Wu [6] ( see also [2]).
Theorem 2.1. Let M be a complete Riemannian manifold, let h : M → R be a
Lipschitz function, let η : M →]0,+∞[ be a continuous function, and r a positive
number. Then there exist a smooth Lipschitz function g : M → R such that
|h(x)− g(x)| ≤ η(x) for every x ∈ M , and Lip(g) ≤ Lip(h) + r.
We use this result with h(ζ) = dφ(ζ, z), η = 1 and r = 1. We have dφ(ζ, z) ≺
gz(ζ) ≺ dφ(ζ, z) and τ(ζ)|dgz(ζ)| ≤ 2. Hence
|uf(z)|2e−2φ(z)  1
τ(z)2
∫
D
e−Cǫgz(ζ)|uf(ζ)|2e−2φ(ζ)dλ
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By Berndtsson-Delin’s improved L2 estimates of for the minimal solution of ∂¯ in
L2(D, e−2φdλ) [3][5] , we have :∫
D
e−Cǫgz(ζ)|uf(ζ)|2e−2φ(ζ)dλ 
∫
D
e−Cǫgz(ζ)|∂¯χ(ζ)|2|f(ζ)|2τ(ζ)2e−2φ(ζ)dλ
provided that τ |∂ωǫ| ≤ µωǫ with µ <
√
2 where ωǫ(ζ) = e
−Cǫgz(ζ). If we choose ǫ
small enough so that µ = 2Cǫ <
√
2 then τ |∂ωǫ| = Cǫτ |∂gz|ωǫ ≤ µωǫ. Thus
|uf(z)|2e−2φ(z)  1
τ(z)2
∫
D(w,βτ(w))
e−Cǫdφ(ζ,z)χ(ζ)|f |2e−2φ(ζ)dλ
where for the last term we use τ(ζ) ∼ τ(w). Since ζ ∈ D(w, βτ(w)) we have
dφ(ζ, z) ≥ dφ(z, w)− dφ(w, ζ)  dφ(z, w)− |ζ − w|
βτ(w)
 dφ(z, w)
and thanks to (∗), we conclude
|K(z, w)|e−(φ(w)+φ(z)) ≤ C
τ(z)τ(w)
e−σdφ(z,w).
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